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ABSTRACT
We formulate topologically massive supergravity with cosmological constant in the first
order formalism, and construct the Noether supercurrent and superpotential associated
with its local supersymmetry. Using these results, we construct in ordinary topologically
massive gravity the Witten-Nester integral for conserved charges containing spinors which
satisfy a generalized version of Witten equation on the initial value surface. We show
that the Witten-Nester charge, represented as an integral over the boundary of the initial
value surface produces the Abbott-Deser-Tekin energy for asymptotically anti de Sitter
spacetimes. We consider all values of the Chern-Simons coupling constant, including the
critical value known as the chiral point, and study the cases of standard Brown-Henneaux
boundary conditions, as well as their weaker version that allow a slower fall-off. Studying
the Witten-Nester energy as a bulk integral over the initial value surface instead, we find a
bound on the energy, and through it the sufficient condition for the positivity of the energy.
In particular, we find that spacetimes of Petrov type N that admit globally well defined
solutions of the generalized Witten equation have positive energy.
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2
1 Introduction
Topologically massive gravity (TMG) [1] with a cosmological constant (CTMG)[2] is de-
scribed by the action
I =
1
16πG
∫
d3x
√−g
(
R− 2Λ + 1
2µ
ελµνΓρλσ
[
∂µΓ
σ
ρν +
2
3
ΓσµτΓ
τ
νρ
])
, (1.1)
where the cosmological constant Λ is negative. This model provides an attractive setting
for studying several non-perturbative aspects of quantum gravity that are far more difficult
to address in four and higher dimensions. The cosmological constant facilitates a black
hole solution[3], and the presence of the gravitational Chern-Simons (CS) term with critical
strength [4] may help in resolving certain obstacles that have been encountered in attempt
to solve the theory exactly without the CS term [5, 6, 7]. One of the attractive features
of the CTMG is that by AdS/CFT correspondence, and assuming appropriate boundary
conditions, it admits a dual boundary CFT description. Indeed, there exist two copies of the
Virasoro group that act as the boundary-condition preserving group, with central charges
[8, 9]
cL =
3ℓ
2G
(
1− 1
µℓ
)
, cR =
3ℓ
2G
(
1 +
1
µℓ
)
, (1.2)
where ℓ is the AdS radius related to the cosmological constant as Λ = −ℓ−2. Assuming that
G > 0, we must have
|µℓ| ≥ 1 , (1.3)
so that both central charges are non-negative. Without loss of generality we can choose
µ to be positive by the parity transformation. Thus, we shall be interested in the regime
µℓ ≥ 1. However, the theory harbors a negative energy helicity 2 state for the conventional
sign of the gravitational coupling constant G > 0 [1, 4]. While taking G < 0 avoids this
problem, it turns out to imply negative BTZ black hole mass. It has been proposed in [4]
that the instability problem in the case of G > 0 can be circumvented by setting µℓ = 1 in
which case the negative energy graviton mode becomes identical to the already existing left-
moving massless boundary graviton of the cosmological Einstein gravity, thereby ceasing to
be a propagating bulk degree of freedom. The left central charge vanishes at µℓ = 1, and
the resulting theory subject to the standard Brown-Henneaux boundary conditions is called
chiral gravity [4]. It was conjectured in [4] that the theory is chiral, in the sense that the
physical states form representations of a single Virasoro algebra, and that it has positive
energy.
Subsequently, the chirality conjecture was proven [10, 11], though the positivity con-
jecture remains open. In particular, a propagating finite negative energy linearized mode
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at the chiral point was found [12], which however, requires a weaker version [13, 14] of
the standard Brown-Henneaux boundary conditions. Finite negative energy modes obeying
standard Brown-Henneaux boundary conditions were also found in [15, 16], which however
uses Poincare´ patch which covers only a part of AdS, thus requiring further analysis to
be conclusive. Subsequently, a linearized solution in the global coordinates which obeys
the standard Brown-Henneaux boundary conditions was constructed as a descendant of a
non-primary field [17]. There seems to be an evidence, however, that this solution devel-
ops a logarithmic singularity in the next order in the weak field approximation1. Finally,
the chiral theory has also been analyzed in the Hamiltonian approach in which the count-
ing of constraints reveals a single propagating degree of freedom even at the chiral point
[18, 19, 11]. As emphasized in [11], however, even though this approach is nonperturbative,
it does not address the boundary behavior.
The ultimate status of the chiral theory will require a full study of the AdS/CFT cor-
respondence, including the characterization of an appropriate CFT, and verification of the
self-consistency by showing the decoupling of the unwanted negative norm states [13]. Al-
ternatively, if the opposite overall sign in the action is chosen, then a superselection sector
must be found in which the BTZ black holes are excluded, as has been suggested in [15].
Turning to the chiral theory, in addition to the positive energy BTZ black hole and
the boundary graviton, it also admits the exact pp-wave solutions. These are locally AdS
and apparently have zero energy. However, global considerations and how they may affect
the energy require further study. Whether there exist other solutions of the chiral theory
obeying the standard Brown-Henneaux boundary conditions is not known. Therefore, it
clearly desirable to study the energy at the nonperturbative level, in search of a positive
energy theorem. This is the main motivation for this work. In studying this problem,
we shall employ a powerful tool introduced by Witten long ago [20]. This approach is
inspired by the fact that global algebra of spinorial charges Q in supergravity leads to the
Hamiltonian H = TrQ2, and it was successfully used to provide a simple proof [20] of the
positive energy theorem in 4D for asymptotically Minkowskian spacetimes. The spinorial
method for studying the energy in gravity was developed further in [21].
The issue of positivity of the energy, or lack of thereof, was studied in 4D gravity
theories with a class of curvature square terms in [22, 23] where it was shown that the
H = TrQ2 argument is not sufficient by itself to guarantee positive energy, as possible
presence of ghosts in higher derivative theories may give rise to a Hilbert space with an
1We thank Andy Strominger and Massimo Porrati for private communication about this problem.
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indefinite signature. While the CTMG has no ghost for G < 0, and it has been proposed in
[2] that the energy is positive in CTMG, based on the H = TrQ2 argument, the fact that
the BTZ black hole has a negative energy for G < 0 is a formidable problem that faces this
proposal.
An attempt at calculating the Witten-Nester energy in CTMG has been made in [24],
where it was found not to have a definite sign in general. However, the gravitational
CS term was essentially treated as a source term. Accordingly, the definition of the energy
assumed in [24] differs from the existing ones based on Abbott-Deser approach [25] applied to
CTMG in [26] for asymptotically AdS spacetimes2 , and generalized in [27] to accommodates
spacetimes that are not asymptotically AdS.
Here we shall approach the energy problem by first constructing a Witten-Nester energy
formula for CTMG that produces the Abbott-Deser-Tekin (ADT) energy when viewed as
an integral over the boundary ∂Σ of a spatial slice Σ. To achieve this, we develop a first
order formulation of the locally supersymmetric extension of CTMG, since it provides the
most convenient framework for constructing the supercurrent and superpotential associated
with local supersymmetry. Exploiting the supersymmetric variation of the superpotential,
we obtain an expression for conserved quantities, which in particular contains the energy
which we refer to as the Witten-Nester energy, as an integral over the boundary ∂Σ of
the spatial slice. Converting this to a bulk integral over Σ, we obtain a bound on the
Witten-Nester energy, and consequently a sufficient condition for its being positive.
In the calculations just outlined, the boundary conditions on the gravitational field
play an important role in many respects, including the finiteness of the ADT charges. The
standard Brown-Henneaux boundary conditions [8] were relaxed in [13] and the most general
boundary conditions invariant under the AdS group, asymptoting to AdS metric at infinity
and yielding finite charges have been determined recently in [14]. Here, we examine the
ADT charges for these most general boundary conditions, and show that indeed they are
finite in all cases. These charges are closely related to the asymptotic symmetry charges
discussed in [10] and most recently in [14]. In agreement with [14], we find that the charges
associated with both null Killing vectors are nonvanishing even at the chiral point µℓ = 1
(see Section 5).
In studying the Witten-Nester energy, we have found that it is convenient to generalize
the well known Witten condition for a spinor which is a Dirac-like equation on the spacelike
2We thank Andy Strominger for pointing out the need to modify the Noether supercurrent to remedy
this problem.
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slice. We will describe this generalization for different values of the parameter µ in Section
3.3. At the chiral point µℓ = 1 and with the standard Brown-Henneaux boundary conditions
assumed, the generalized Witten equation takes the form
γiei
µ
(
∇µ − 1
2ℓ
γµ − ℓ
2
4
Cµνγ
ν
)
ǫ = 0 , (1.4)
where Cµν is the Cotton tensor. In Section 5.1 we show that the Witten-Nester energy is
related to the ADT energy as EWN = EADT . Using (1.4) and a Witten-Nester identity for
the conserved charges as integral over the spacelike slice, we then find the following bound
on the Witten-Nester energy
EWN ≥ − ℓ
4
32πG
∫
Σ
(
Cµ
λCλν − 1
2
gµνC
2
)
uµ vν da , (1.5)
where C2 ≡ CµνCµν , and uµ is a unit timelike vector perpendicular to the spatial slice
Σ, and vµ is constructed out of the generalized Witten spinors as vν = ǫ¯1γνǫ1 + ǫ¯2γνǫ2,
which approaches a timelike Killing vector on ∂Σ. This result shows that to establish a
positive energy theorem by means of Witten-Nester type identity, we need to know about the
Cotton tensor for spacetimes obeying the standard Brown-Henneaux boundary conditions
in the chiral theory. At present, the only known exact solutions of this theory obeying
the standard Brown-Henneaux boundary conditions are spacetimes for which the Cotton
tensor vanishes. For these solutions, the bound is consistent with the direct calculation of
the ADT charges which shows that the energy is positive. The utility of the result (1.5)
lies in the fact that a larger class of solutions may exist in which the Cotton tensor does
not vanish but has a positivity property for the simple algebraic integrand we have found.
A cursory look at the Petrov-like classification of 3D spacetimes shows that the integrand
in (1.5) vanishes for Type N metrics for which Cµν is proportional to a product of two null
vectors. For all such solutions of the theory the energy is positive provided that they obey
the standard Brown-Henneaux boundary conditions, and the generalized Witten equation
(1.4) has a globally well defined solution. A positive energy theorem would result if one
can show that the metrics in the µℓ = 1 theory that obey the standard Brown-Henneaux
boundary conditions are necessarily of Type N . Whether this is the case remains to be
seen. We shall come back to this point in Section 6 where we will also discuss briefly other
known solutions without the standard Brown-Henneaux asymptotics.
The outline of this paper is as follows. In Section 2 we shall describe the first order formu-
lation of simple topologically massive supergravity. The use of supergravity is to facilitate
the derivation of a Witten-Nester type expression for the energy in ordinary CTMG, and
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the first order formalism is developed because it provides the most convenient framework to
achieve this3 . In Section 3, we construct the Noether supercurrent and superpotential, by
following the procedure of [29] which builds on the work of [30] and which has been applied
to ordinary supergravity in [31]. This procedure is explained in Appendix B. We then study
the integral of the supercurrent over a spatial slice Σ, and by using Stokes’ theorem, the
integral over its boundary ∂Σ. We compute the variation of the Noether supercurrent and
superpotential and propose a generalized version of the Witten spinor equation, and derive
a bound on the Witten-Nester energy. In Section 4, we study the solution of the general-
ized Witten spinor equation for the most general boundary conditions recently proposed in
[14]. In Section 5 we show that the boundary integral representation of the Witten-Nester
charges agree with the ADT charges, and compute these charges. We also compute the
ADT charges directly for the general solutions of CTMG with vanishing Cotton tensor, and
a class of solutions know as the chiral pp-waves. Demanding consistency with our energy
bound formula, we show that a globally well defined solution of the generalized Witten
spinor equation must exist. We comment further on our results in Section 6, where we
discuss further aspects of global issues in the definition of the Witten-Nester charges, im-
plications of our energy bound for Petrov classes of 3D spacetimes, and the prospects of
positive energy for µℓ > 1 in a nonperturbative setting.
2 The Topologically Massive Supergravity
2.1 The Second-Order Formulation
Simple topological massive supergravity was constructed by Deser and Kay [32] and gen-
eralized to include a cosmological term by Deser [2]. This is N = (1, 0) supergravity since
the supersymmetry parameter is a single Majorana spinor in the (2, 1) representation of the
AdS group SO(2, 2) = SO(2, 1)L × SO(2, 1)R. The total Lagrangian, in our conventions
(see Appendix A), is given by
e−1L = R+ 2m2 − 2εµνρψ¯µDν(ω)ψρ −mψ¯µγµνψν
−14µ−1 εµνρ
(
Rµν
abωρab +
2
3ω
ab
µ ωνb
cωρca
)
− µ−1R¯µγνγµRν , (2.1)
3A first order formulation of topologically massive supergravity models has been proposed in [28] but
they differ from the model we present here, as they contain a different set of fields.
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where m = ℓ−1 is the inverse radius of AdS. We have set an overall factor of gravitational
coupling constant 16πG = 1, and used the following curvatures
Rµν
ab = ∂µω
ab
ν + ω
ac
µ ωνc
b − (µ↔ ν) , (2.2)
Rµ = εµνρDν(ω)ψρ . (2.3)
The covariant derivative of the gravitino in (2.1) is defined asDµ(ω)ψν = ∂µψν+
1
4ωµ
abγabψν .
The spin connection is not an independent field, but rather it is given by
ωµab = ωµab(e) +
1
2
(
ψ¯µγaψb − ψ¯µγbψa + ψ¯aγµψb
)
, (2.4)
and ωµab(e) is the standard spin connection that solves the vanishing torsion equation
dea + ωabe
b = 0. The action is invariant under the local supersymmetry transformations
δeaµ = ǫ¯γ
aψµ ,
δψµ = Dµ(ω)ǫ− 12mγµǫ . (2.5)
Note that the µ dependent part of the action is separately invariant under (2.5). The field
equations following from the Lagrangian (2.1) are [24]
Gµν + µ−1 Cµν = 0 , (2.6)
Rµ + 12mγ
µνψν +
1
2µ
−1Cµ = 0 , (2.7)
up to fermionic terms in Einstein’s equation, and cubic fermionic terms in the gravitino
field equation, and we have used the definitions
Gµν = Rµν − 12gµνR−m2gµν , (2.8)
Cµν = εµ
ρσ∇ρ(Rσν − 14gσνR) , (2.9)
Cµ = γργµν∇νRρ − εµνρ
(
Rρσ − 14gρσR
)
γσψν , (2.10)
where Cµν , which is symmetric, traceless and divergence-free, is the Cotton tensor, and the
vector-spinor Cµ is supersymmetric partner, the “Cottino vector-spinor” [24]. It follows
from the bosonic field equation that
R = −6m2 , (2.11)
Rµν = −2m2gµν − 1
µ
Cµν . (2.12)
So far we have described the topologically massive N = (1, 0) supergravity. The corre-
sponding results for the N = (0, 1) theory are obtained by replacing m→ −m everywhere.
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2.2 The First Order Formulation
A first order formulation of the bosonic sector has been developed in [33, 34, 11]. Here we
shall present a supersymmetric extension of this construction. The independent bosonic
fields are (eaµ, f
a
µ , A
a
µ) and the independent fermionic fields are (ψµ, ηµ). The vector spinor
ηµ is Majorana. The full Lagrangian in the first order formalism, the detailed derivation
and properties of which will be discussed elsewhere, turns out to be
e−1L = 1
µ
εµνρ
(
∂µA
a
ν +
1
3ǫ
a
bcA
b
µA
c
ν
)
Aρa +
1
µ
η¯µγνγµη
ν
− 2
µ
η¯µγνγµR
ν(A)− 4ψ¯µRµ(A) + 2(m2 − µ2)− (m− µ)ψ¯µγµνψν
+εµνρ
(
Dµ(A)eνa + µǫabce
b
µe
c
ν − 12 ψ¯µγaψν
)
faρ , (2.13)
where
Rµ(A) = εµνρ(∂ν +
1
2A
a
νγa)ψρ ,
Dµ(A)eνa = ∂µeνa + ǫabcA
b
µe
c
ν . (2.14)
An important advantage of this formulation is that all the terms in the Lagrangian contain
at most a single derivative.
The equations of motion for (fµ
a, Aaµ, e
a
µ), respectively, and up to fermionic bilinears,
are
D[µ(A)eν]a + µǫabce
b
µe
c
ν = 0 , (2.15)
Fµνa + µǫabcf[µ
beν]
c = 0 , (2.16)
D[µ(A)fν]a + 2µǫabcf
b
[µe
c
ν] − (m2 − µ2)εµνρeρa = 0 , (2.17)
where
Fµν
a = ∂µA
a
ν − ∂νAaµ + ǫabcAµbAνc . (2.18)
The first equation is solved by
Aaµ = ω
a
µ(e)− µeaµ , (2.19)
where ωaµ =
1
2ǫabcωµ
bc. Substituting this result into (2.16), it is straightforward to solve for
fµ
a, and one finds
fµ
a = − 2
µ
[
Rµ
a − 14eaµR+ 12µ2eaµ
]
, (2.20)
where Rµ
a = Rµνe
νa is the Ricci tensor. Substituting this result into (2.17) then gives
precisely the equation of motion (2.6) that was found in the second order formalism.
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Turning to the fermionic fields, up to cubic fermionic terms the field equations for ηµ
and ψµ, respectively are
γνγµ (ην −Rν(A)) = 0 , (2.21)
Rµ(A) +
1
4
(m− µ)γµνψν + 1
8
εµνργaψνf
a
ρ −
1
4µ
εµνρDρ(A) (γσγνη
σ) = 0 . (2.22)
The first equation is readily solved to give
ηµ = Rµ(A) . (2.23)
Using this relation, as well as (2.19) and (2.20) in the second equation, after some algebra we
find the gravitino field equation (2.7), thereby completing the proof that the field equations
in the first order formalism are classically equivalent to those obtained in the second order
formalism.
The supersymmetry transformations for the dreibein and the gravitino are
δeaµ = ǫ¯γ
aψµ ,
δψµ = Dµ(A)ǫ− 12(m− µ)γµǫ . (2.24)
The supersymmetry transformation of the remaining fields (Aaµ, f
a
µ , η
µ) can be obtained by
using the expressions (2.19), (2.20) and (2.23). They will be fully provided in [35] but for our
purposes here we need to know the terms that involve the derivative of the supersymmetry
parameter. We find that
δηµ = −1
2
(m− µ)εµνργρ∂νǫ+ Zµǫ ,
δfaµ = −
1
µ
∂µǫ¯
(
γbγaRb(ω)−mψa
)
+ ǫ¯χaµ ,
δAaµ = ǫ¯λ
a
µ , (2.25)
where Zµ, χaµ, λ
a
µ are certain algebraic expressions [35] depending on the fields of the theory
whose precise form we do not need for our purposes here.
3 The Witten-Nester Energy
3.1 The Noether Supercurrent and Superpotential
The Witten-Nester charges, one of which is the energy, are defined as
QWN =
∫
Σ
δǫ2J
µ
ǫ1
dΣµ =
∫
Σ
∇ν
(
δǫ2U
µν
ǫ1
)
dΣµ , (3.1)
10
where Σ is a spacelike initial value surface, Jµǫ is the Noether current associated with local
supersymmetry transformations with parameter ǫ, and Uµνǫ is the superpotential J
µ
ǫ =
∇νUµνǫ . Using Stokes’ theorem, and assuming that the surface Σ has a single boundary,
and assuming that the bulk integral
∫
Σ δǫ2J
µ
ǫ1dΣµ is finite, QWN can be re-expressed as
QWN =
∫
∂Σ
(
δǫ2U
µν
ǫ1
)
dΣµν . (3.2)
We expect a relation between this expression and the ADT charges given in Appendix C. If
such a relation exists, it will then enable us to study its positivity property by exploiting the
expression (3.19). This is the strategy pioneered by Witten [20] in his proof of the positive
energy theorem in 4D gravity in asymptotically Minkowskian spacetimes.
In this section we shall determine the Noether supercurrent Jµǫ and superpotential U
µν
ǫ .
We shall also determine the variation of the supercurrent under local supersymmetry, and
examine the integral (3.1) over Σ. In Section 4 we shall examine the integral (3.2) over ∂Σ.
Using the formula (B.5) explained in Appendix B letting ξa → ǫ and reading off ∆µa
from (2.24), (2.25), we construct the Noether supercurrent associated with the local super-
symmetry of the topologically massive N = (1, 0) supergravity as
JµLǫ = ∇νUµνǫ + ǫ¯
δL
δψ¯µ
+
1
2
(m− µ)ενµρǫ¯γρ δL
δη¯ν
− 1
µ
ǫ¯
(
γbγaRb(ω)−mψa
) δL
δfaµ
= ∇νUµνǫ − 8ǫ¯
(
Rµ(A) +
1
4
(m− µ)γµνψν + 1
8
εµνργaψνf
a
ρ
− 1
4µ
εµνρDρ(A) (γσγνη
σ)
)
+
m− µ
µ
ενµρǫ¯γργσγν (η
σ −Rσ(A))
− 1
µ
ǫ¯
(
γbγaRb(ω)−mǫ¯ψa
)
ερσµ
(
Dρ(A)eσa + µǫacde
c
ρe
d
σ −
1
2
ψ¯ργaψσ
)
. (3.3)
Its variation is
δJµLǫ = ∇ν
[
δUµνǫ − 8εµνρ ǫ¯
(
δψρ +
1
4µ
γσγρδη
σ
)
− 2(m− µ)
µ
εµνρǫ¯δψρ
]
+ · · · , (3.4)
where · · · denotes terms which do not contain ∂δφ, where φ is a generic field. By requiring
that δJµ does not have ∂δφ terms, as explained in Appendix B, we obtain
UµνLǫ = 8ε
µνρǫ¯
(
ψρ +
1
4µ
γσγρη
σ
)
+
2(m− µ)
µ
εµνρǫ¯ψρ . (3.5)
Using the equation of motion for η, this becomes
UµνLǫ = 4
(
1 +
m
2µ
)
εµνρǫ¯ψρ +
2
µ
εµνρǫ¯γσγρR
σ(ω) . (3.6)
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Thus, the Noether current is given by
JµLǫ = ∇νUµνLǫ . (3.7)
The Witten-Nester charges
QLWN =
∫
Σ
δǫ2J
µL
ǫ1
dΣµ =
∫
∂Σ
(
δǫ2U
µνL
ǫ1
)
dΣµν (3.8)
generate the SO(2, 1)L subalgebra of the AdS3 algebra SO(2, 1)L×SO(2, 1)R. The SO(2, 1)R
charges are obtained by making the replacementm→ −m in (3.6) which yields UµνRǫ . These
expressions hold for any value of µ including the chiral point µ = m. Note also that we
have set 16πG = 1 in (3.8).
3.2 Witten-Nester Formula and the Gravitino Field Equation
Before examining the Witten-Nester charges (3.8) let us make a comment on a relation
between the supercurrent (3.7) and the gravitino field equation (2.7) following the approach
in [25]. Here, we consider a metric which admits a Killing spinor satisfying
(∇µ − 12mγµ) ǫ = 0 . (3.9)
The integrability condition of this equation is
Cµνγ
νǫ = 0 (3.10)
We take the linearized gravitino field equation (2.7) and multiply it by a Killing spinor ǫ¯.
We find for the first two terms in (2.7)
ǫ¯
(
Rµ + 12mγ
µνψν
)
= ∇ν (εµνρ ǫ¯ψρ) , (3.11)
and for the third term
ǫ¯Cµ = ∇ν (ǫ¯γργµνRρ +mεµνρǫ¯ψρ)− εµνρ
(
Rρσ − 14gρσR+ 12m2gρσ
)
ǫ¯γσψν . (3.12)
Using the gravitational field equation (2.6) the second term in (3.12) is proportional to
(3.10), which vanishes. Thus we find that the gravitino field equation multiplied by a
Killing spinor gives the supercurrent we obtained by the Noether method
ǫ¯
(
Rµ + 12mγ
µνψν +
1
2µ
−1Cµ
)
= 14∇νUµνLǫ , (3.13)
where UµνLǫ is the superpotential in (3.6). However, note that to derive (3.13) we assumed
that the metric admits a Killing spinor and used the Killing spinor ǫ in the superpotential
UµνLǫ . In the Noether method above, the supercurrent (3.7) was obtained for the general
metric and spinor ǫ.
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3.3 The Boundary Integral
To study the boundary integral representation of the Witten-Nester charge (3.2) we compute
the supersymmetry variation of Uµνǫ . Computing the N = (1, 0) supersymmetry variation
of UµνLǫ defined in (3.6), we find
QLWN =
∫
εµνλ
[
4
(
1 +
m
µ
)
ǫ¯2∇ˆLλǫ1 +
2
µ
ǫ¯2γ
σǫ1
(
Gλσ − 1
2
gλσG
)]
dΣµν , (3.14)
where we have set 16πG = 1, the commuting spinors ǫ1 and ǫ2 take their asymptotic values
which can be taken to be any one of the Killing spinors of AdS ǫAK discussed in Appendix
D, and
∇ˆLµǫ =
(
∇µ − 1
2
mγµ
)
ǫ . (3.15)
Depending on which Killing spinors are utilized in (3.14), the Killing vectors defined as
in (D.6) emerge, and the charges QLWN correspond to these Killing vectors. To keep the
notation simple, we do not exhibit the corresponding labels of the Witten-Nester charges.
Similarly, the N = (0, 1) supersymmetry variations of UµνRǫ leads to QRWN which can be
obtained from QLWN by letting m → −m, and the spinors ǫ1 and ǫ2 take their asymptotic
values which can be taken to be any one of the Killing spinors ǫA˙K discussed in Appendix
D. This time, the the Killing vectors defined as (D.11) emerge, and the resulting charges
QRWN correspond to these Killing vectors.
The relation between the Witten-Nester charges QL,RWN described above and the ADT
charges defined in Appendix C will be established in Section 5.1.
3.4 The Bulk Integral and a Bound on the Witten-Nester Energy
To study the bulk integral representation of the Witten-Nester charges (3.1) we evaluate
the N = (1, 0) supersymmetry variation of the Noether current defined in (3.7). After some
calculations we obtain
δǫ2J
µL
ǫ1
= 4
(
1 +
m
µ
)
∇ˆLν ǫ¯1γµνρ∇ˆLρ ǫ2 + ǫ¯1γρǫ2
[
2
(
1 +
m
2µ
)
Gρµ + 2
µ
Cρ
µ
]
(3.16)
+
2
µ
εµνρ
(
Rρσ − 1
4
gρσR+
1
2
m2gρσ
)[
∇ˆLν ǫ¯1γσǫ2 + ǫ¯1γσ∇ˆLν ǫ2 −
1
2
mǫ¯1γν
σǫ2
]
.
The result (3.16) can be simplified by using the full Einstein equation (2.6) and its conse-
quences (2.11), (2.12) to give
QLWN =
∫
Σ
dΣµ
[
4
(
1 +
m
µ
)
∇ˆLν ǫ¯1γµνρ∇ˆLρ ǫ2 −
2
µ2
εµνρCρσ
(
∇ˆLν ǫ¯1γσǫ2 + ǫ¯1γσ∇ˆLν ǫ2
)]
.
(3.17)
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This expression can be expressed in various alternative forms. One possible strategy is to
extract a boundary integral by manipulating the last term by means of partial integration
and use of equations of motion. In this way, after some algebra we find
QLWN =
∫
Σ
dΣµ
[
4
(
1 +
m
µ
)(
∇ˆLν ǫ¯1γµνρ∇ˆLρ ǫ2 −
1
2µ
Cµν ǫ¯1γνǫ2
)
− 2
µ2
∇ν (εµνρCρσ ǫ¯1γσǫ2)
]
.
(3.18)
Alternatively, recalling that µ ≥ m, it is convenient to express (3.17) as
QLWN =
∫
Σ
dΣµ
[
4
(
1 +
m
µ
)
∇˜Lν ǫ¯1γµνρ∇˜Lρ ǫ2 +
1
µ3(µ+m)
εµνρCνσCρλε
σλα ǫ¯1γαǫ2
]
,
(3.19)
where
∇˜Lµǫ :=
(
∇µ − 1
2
mγµ − 1
2µ(µ+m)
Cµνγ
ν
)
ǫ . (3.20)
In this case, we impose a generalized version of the Witten spinor condition as
γi∇˜Li ǫ = 0 , (3.21)
where ∇˜Li = eiµ∇˜Lµ (i = 1, 2). Next, we use the identity γ0ij = −γiγ0γj − δijγ0 and the
definition of the Dirac conjugate (A.7) to obtain the result
QLWN = 4
(
1 +
m
µ
)∫
Σ
(
∇˜Li ǫ1
)† (
∇˜Li ǫ2
)
e0
µdΣµ
− 2
µ3(µ +m)
∫
Σ
(CµλCλν − 1
2
δµνC
2)(ǫ¯1γ
νǫ2) dΣµ , (3.22)
where we have expressed the product of two ǫ symbols in terms of Kronecker deltas and
used the notation C2 ≡ CµνCµν . The first term is manifestly positive when ǫ1 = ǫ2, and
therefore we have the bound
µ ≥ m : QLWN ≥ −
2
µ3(µ+m)
∫
Σ
daXµν u
µv(+)ν , (3.23)
where we have set 16πG = 1,
Xµν := Cµ
λCλν − 1
2
gµνC
2 , (3.24)
and dΣµ = uµda, with uµ representing a timelike vector that specify the orientation of the
area element da on the initial spacelike surface, and we have the vector
v(+)ν := ǫ¯γνǫ , (3.25)
where the spinors are the solutions of (3.21) asymptoting to the Killing spinors ǫAK (see
Appendix D).
14
Next we turn toQRWN . The relevant equations for these charges are obtained from (3.21),
(3.20), (3.22) and (3.23) by simply letting m → −m, and in (3.25) taking the spinors to
approach the dotted Killing spinors asymptotically. As a result, we have the bound:
µ > m : QRWN ≥ −
2
µ3(µ−m)
∫
Σ
daXµν u
µv(−)ν , (3.26)
where the vector v(−)ν is the bilinear (3.25) in which the spinors now obey γi∇˜Ri ǫ = 0 and
asymptote to the Killing spinors ǫA˙K (see Appendix D). The chiral point µ = m clearly
requires special care. In this case, it is natural to directly evaluate the expression that
results from (3.18) by replacing m → −m. Setting µ = m, the first two terms cancel and
we find
QRWN = −
2
µ2
∫
Σ
dΣµ∇ν (εµνρCρσ ǫ¯1γσǫ2) . (3.27)
Using the field equation Cµν = −µGµν , and noting (5.2) and (5.3), we see upon comparison
with the expression (C.15), that the right hand side of (3.27) being a boundary integral, it
does produce, as to be expected, the ADT expression (C.15). Furthermore, as we shall show
in Section 5.2, this particular ADT charge vanishes if standard Brown-Henneaux boundary
conditions are imposed. Thus, we have
µ = m : QRWN = 0 (standard Brown-Henneaux b.c.) . (3.28)
4 The Witten Spinor
To study the Witten-Nester identity (3.22) we need to know the asymptotic solution of
the generalized Witten spinor equation (3.21) with appropriate boundary conditions. We
shall be primarily interested in the standard Brown-Henneaux boundary conditions to be
described below, and the chiral point µℓ = 1. Nonetheless, it is instructive to see the
consequences of imposing the weakest possible boundary conditions allowed for different
values of µ as well. With this in mind, we shall study the asymptotic solutions of the
generalized Witten equation for the most general boundary conditions compatible with the
AdS asymptotics.
4.1 The HMT Boundary Conditions
The most general boundary conditions that are invariant under the AdS group, and asymp-
toting to AdS metric at infinity and yielding finite charges have been determined recently by
Henneaux, Mart´ınez and Troncoso (HMT) [14]. We expand the gravitational field around
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the AdS3 vacuum solution given by
ds¯2 = ℓ2
[− cosh2 ρ dτ2 + sinh2 ρ dφ2 + dρ2] (4.1)
and define the deviation fields as
eµ
a = e¯µ
a +
1
2
hµ
a ,
gµν = g¯µν + hµν +O(h2) , (4.2)
where we choose hµν ≡ e¯νahµa to be symmetric hµν = hνµ by local Lorentz transformation.
The coordinates have the ranges 0 ≤ ρ < ∞, 0 ≤ φ < 2π, and 0 ≤ τ < 2π for AdS, and
−∞ < τ < ∞ for its universal cover. Another useful form of the metric is obtained by
defining t = ℓτ , r = ℓ sinh ρ and takes the form
ds¯2 = − (1 +m2r2) dt2 + r2dφ2 + dr2
1 +m2r2
. (4.3)
Depending on the value of the parameter µℓ, there exist different possible boundary
conditions on the components of hab = e¯a
µe¯b
νhµν . These boundary conditions are (see
Appendix A for notation):
|µℓ| > 1 : h++ = e−2ρf++ + · · ·
h+− = e−2ρf+− + · · ·
h22 = e
−2ρf22 + · · ·
h−− = e−2ρf−− + · · ·
h+2 = e
−3ρf+2 + · · ·
h−2 = e−3ρf−2 + · · · (4.4)
where fab depend only on τ and φ. These are the standard Brown-Henneaux boundary
conditions [8]. The newly established boundary conditions arise when one considers the
16
parameter range |µℓ| < 1. They are [14]
0 < |µℓ| < 1 : h++ = e−2ρf++ + · · ·
h+− = e−2ρf+− + · · ·
h22 = e
−2ρf22 + · · ·
h−− = e−(1+µℓ)ρf˜−− + e−2ρf−− + · · ·
h+2 = e
−3ρf+2 + · · ·
h−2 = e−(2+µℓ)ρf˜−2 + e−3ρf−2 + · · · (4.5)
where fab and f˜ab depend only on τ and φ. Note that the f -terms are the standard devia-
tions from AdS given in (4.4) and the f˜ -terms represent the generalizations of them with
slower fall-off. These boundary conditions have been called “negative chirality” bound-
ary conditions since only h−2 and h−− have a slower fall-off terms. For the same range
0 < |µℓ| < 1, there are also “positive chirality” boundary conditions which are obtained
from the ones in (4.5) by replacing everywhere the indices +↔ −.
The remaining possible boundary conditions described in [14] arise at the so-called chiral
point at which |µℓ| = 1 and had been already proposed in [13], and they take the form:
µℓ = 1 : h++ = e
−2ρf++ + · · ·
h+− = e−2ρf+− + · · ·
h22 = e
−2ρf22 + · · ·
h−− = ρ e−2ρf˜−− + e−2ρf−− + · · ·
h+2 = e
−3ρf+2 + · · ·
h−2 = ρ e−3ρf˜−2 + e−3ρf−2 + · · · (4.6)
Finally, for µℓ = −1, the allowed boundary conditions are obtained from these by inter-
changing +↔ −. An observation which will be useful later is that the boundary conditions
for µℓ = 1 (and similarly for µℓ = −1) can be obtained from those in (4.5) by first replacing
f˜−− → f˜−−
1− µℓ, f−− → −
f˜−−
1− µℓ + f−−,
f˜−2 → f˜−2
1− µℓ, f−2 → −
f˜−2
1− µℓ + f−2 , (4.7)
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and then taking the limit µℓ → 1. Remarkably, all the known exact solutions of CTMG
with asymptotically AdS behavior, which are essentially the chiral pp-waves and exist for
both |µℓ| > 1 as well as |µℓ| = 1 [36, 15, 24], have exactly the above boundary behavior.
While all the above boundary conditions are allowed in the sense mentioned earlier, the
requirement that the two copies of the Virasoro algebra arising as the asymptotic symmetry
algebra have positive central charges imposes the condition |µℓ| ≥ 1.
For later use let us show that the coefficient functions fab appearing in the HMT bound-
ary conditions satisfy
fa
a = 2f+− + f22 = 0 . (4.8)
To achieve this we use the fact that the deviations hab asymptotically satisfy the linearized
field equation derived from (2.6)
δGab + 1
µ
εa
cd∇¯cδGbd = 0 , (4.9)
where
δGab = 1
2
(−∇¯2hab − ∇¯a∇¯bh+ ∇¯c∇¯ahbc + ∇¯c∇¯bhac)+ 2m2hab . (4.10)
By taking trace of (4.9) we obtain
−∇¯2h+ ∇¯a∇¯bhab + 2m2h = 0 , (4.11)
where h = ha
a. Substituting the HMT boundary conditions into (4.11) the first two terms
are shown to be of higher order than O(e−2ρ), while the last term is proportional to h =
e−2ρfaa + · · · . Therefore, we obtain (4.8).
4.2 The Asymptotic Solution of the Generalized Witten Equation
With the boundary conditions at hand, we are ready to examine the generalized Witten
equation (3.21).4 In the AdS3 background (4.1), the only nonvanishing components of
the spin connection are given by ω¯τ
02 = sinh ρ, ω¯φ
12 = cosh ρ. Equivalently, the only
nonvanishing components of ω¯c
ab = e¯c
µω¯µ
ab are
ω¯+
+2 = ω¯−−2 = m coth 2ρ . (4.12)
The spin connection is then expanded as
ωµab = ω¯µab − 1
2
(∇¯ahµb − ∇¯bhµa)+O(h2) . (4.13)
4In the case of ordinary AdS gravity without the gravitational CS term in 3D, the Witten equation has
been studied in arbitrary dimensions in [37].
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Using (4.1) and (4.13), and the field equation Cab = −µ(Rab + 2m2ηab), up to quadratic
terms in hab we find
/˜∇L ≡ γi∇˜Li = /¯ˆ∇L +∆ /˜∇L ,
∆ /˜∇L = −1
2
γihi
a∇¯a − 1
4
γiγaYia , (4.14)
where
Yab ≡ ǫbcd∇¯chad + 1
µ+m
(∇¯2hab + ∇¯a∇¯bh− 2∇¯c∇¯(ahb)c − 4m2hab) . (4.15)
To obtain the solution of /˜∇Lǫ = 0 we first note that the solution of /¯ˆ∇LǫAdS = 0 is
ǫAdS = e
1
2
ρǫ0(τ, φ) + e
− 1
2
ρǫ1(τ, φ) , (4.16)
where ǫ0, ǫ1 are spinors satisfying
γ2ǫ0 = ǫ0 , ∂
2
φǫ0 = −
1
4
ǫ0 , ǫ1 = 2γ
1∂φǫ0 . (4.17)
Writing the solution of /˜∇Lǫ = 0 as ǫ = ǫAdS +∆ǫ we find
∆ /˜∇LǫAdS +
(
/
¯ˆ∇L +∆ /˜∇L
)
∆ǫ = 0 . (4.18)
For the HMT boundary conditions (4.5) asymptotic behaviors of Yab in (4.15) are
Y−− = O(e−(1+µℓ)ρ) +O(e−2ρ) ,
Y−2, Y2− = O(e−(2+µℓ)ρ) +O(e−2ρ) ,
other Yab = O(e−(3+µℓ)ρ) +O(e−2ρ) . (4.19)
The asymptotic behaviors for the chiral point µ = m are given by replacing e(1−µℓ)ρ with ρ
in (4.19). For the standard Brown-Henneaux boundary conditions (4.4) there are no e−µℓρ
dependent terms in (4.19). Using (4.14), (4.19), and γ2ǫ0 = ǫ0, γ2ǫ1 = −ǫ1, we find
∆ /˜∇L
[
e
1
2
ρǫ0
]
=
[
O(e−( 32+µℓ)ρ) +O(e− 32ρ)
]
ǫ0,
∆ /˜∇L
[
e−
1
2
ρǫ1
]
=
[
O(e−( 32+µℓ)ρ) +O(e− 52ρ)
]
ǫ1. (4.20)
From (4.20) and /
¯ˆ∇L = O(1), we find that the generalized Witten spinor satisfying /˜∇Lǫ = 0
has an expansion
ǫ = e
1
2
ρ ǫ0(τ, φ) + e
− 1
2
ρ ǫ1(τ, φ) + e
−( 32+µℓ)ρ ǫ˜2(τ, φ) + e−
3
2
ρ ǫ2(τ, φ) + · · · . (4.21)
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The coefficient spinors ǫ2, ǫ˜2, · · · can be determined by solving /˜∇Lǫ = 0 iteratively, but we
shall only need ǫ0 and ǫ1.
Similarly, we find that the generalized Witten spinor satisfying /˜∇Rǫ = 0 has an expan-
sion
ǫ = e
1
2
ρ ǫ0(τ, φ) + e
− 1
2
ρ ǫ1(τ, φ) + e
−( 12+µℓ)ρ ǫ˜2(τ, φ) + e−
3
2
ρ ǫ2(τ, φ) + · · · , (4.22)
where ǫ0, ǫ1 are spinors satisfying
γ2ǫ0 = −ǫ0 , ∂2φǫ0 = −
1
4
ǫ0 , ǫ1 = −2γ1∂φǫ0 . (4.23)
To obtain the expansion (4.22) we have used
∆ /˜∇R
[
e
1
2
ρ ǫ0
]
=
[
O(e−( 12+µℓ)ρ) +O(e− 32ρ)
]
ǫ0,
∆ /˜∇R
[
e−
1
2
ρ ǫ1
]
=
[
O(e−( 52+µℓ)ρ) +O(e− 52ρ)
]
ǫ1, (4.24)
which have different behaviors from (4.20) due to the different chiralities of ǫ0, ǫ1.
Finally we observe that upon choosing
ǫ0 = cos
1
2(τ + φ) η
1
+ + sin
1
2(τ + φ) η
2
+ , (4.25)
where ηA+ (A = 1, 2) are arbitrary constant Majorana spinors satisfying γ2η
A
+ = η
A
+, deter-
mining ǫ1 by (4.17), and using the results of Appendix D, we find that ǫ approaches the
Killing spinor ǫK = ǫ
1
K + ǫ
2
K in (D.5)
ǫ = ǫK +O(e−(
3
2
+µℓ)ρ) +O(e− 32ρ) . (4.26)
We can also choose ǫ0 as in (4.25) by replacing φ by −φ, and ηA+ by ηA˙− satisfying γ2ηA˙− =
−ηA˙−, and determine ǫ1 by (4.23). This results in Killing spinors ǫ1˙K + ǫ2˙K given in (D.10).
These are the choices we shall make for ǫ0 in the remainder of this paper. In this way, the
Killing vectors of SO(2, 2) emerge as bilinears of appropriate Killing spinors (see Appendix
D) in the computation of the Witten-Nester charges as boundary integrals.
5 The Abbott-Deser-Tekin Charges
5.1 The Relation Between the Witten-Nester and ADT Charges
Having determined the asymptotic solution for the generalized Witten spinor we can now
study the boundary integral (3.14) for the Witten-Nester charges. We shall employ the
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HMT boundary conditions for different values of µ and compare the result with the ADT
charges reviewed in Appendix C.
Let us first examine the second term in the formula (3.14) for the Witten-Nester charges
QLWN . Using the asymptotic solution for the Witten spinor described in the previous section,
and the notation (see Appendix (D))
ǫ1 → ǫB , ǫ2 → ǫA , (5.1)
for the asymptotic values of the Witten spinors, with A,B = 1, 2 labeling the Killing spinors
as described in Appendix D, and using the definition of the Killing vectors ξAB in terms of
these spinors as defined in (D.6), we readily find that
2
µ
∫
dφ
√−g ǫ¯AγσǫB (Gφσ − 12gφσG) = 2µ
∫
dφ
√−g¯ ξABσ (δGφσ − 12 g¯φσδG) (5.2)
=
2
µ
∫
dφ
√−g¯ f τρC (ξ) , (5.3)
where fµνC is defined in (C.13), and δG denotes the linearized G. In (5.2), we have made
use of the fact that at the boundary of Σ, which is at radial infinity ρ → ∞, the spinors
approach their Killing spinor values and that in the remaining part of the integrand only
the contributions that are linear in the deviation field survive. Comparing this result with
the last term in the ADT charge formula (C.12), we see that they are in agreement up to
a normalization factor of 16πG, which has been set to 16πG = 1 in the calculations of the
Witten-Nester charges. Thus, it remains to show that the first term in (3.14) produces the
first term in (C.12), again up to an overall normalization factor of 16πG. Letting ǫ1 → ǫB,
and ǫ2 → ǫA (see Appendix D), and using the expansion (4.21) with the asymptotic solution
as given in Section 4.2, we compute
ετρφ ǫ¯A∇ˆφǫB = 1√−g
[
e
1
2
ρ ǫ¯A0 + · · ·
] [
¯ˆ∇φ − 1
4
e¯φ
1
(
∇¯ah1bγab +mh1aγa
)
+O(h2)
]
×
[
e
1
2
ρǫB0 + e
− 1
2
ρǫB1 + · · ·
]
= − 1
2ℓ2
ǫ¯A0
(
∇¯ah1bγab +mh1aγa
)
ǫB0 + · · ·
=
1
2ℓ2
ǫ¯A0 γ
+ǫB0
(∇¯2h+1 − ∇¯+h21 −mh+1)+ · · · , (5.4)
where · · · denote higher order terms in e−ρ. To compare this result with the first term in
(C.12), we compute
FτρE (ξ) =
1
ℓ2
e−ρξAB+
(∇¯2h+1 − ∇¯+h21 −mh+1)+ · · · , (5.5)
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where we have used the fact ξAB+ = O(eρ), ξAB− = O(e−ρ), ξAB 2 = O(1). Thus, the first
term in (3.14), together with the second term computed in (5.3) evaluated for the Killing
vectors ξABµ, which we denote by ξ(+)µ for simplicity, and give in (D.6), yield the total
QLWN [ξ
(+)] =
∫
dφ
√−g¯
[
2
(
1 +
m
µ
)
FτρE (ξ(+)) +
2
µ
f τρC (ξ
(+))
]
. (5.6)
Comparing with the ADT charges described in Appendix C, and reintroducing the factor of
16πG which has been set equal to one in (5.6), we see that we have established the relation
QLWN [ξ
(+)] = QADT [ξ
(+)] . (5.7)
The Killing vector −2ℓ−1K0 = 12(ξ11 + ξ22) in (D.14) corresponds to the charge E −mJ ,
where E is the energy and J is the angular momentum. Similarly, taking for the Witten
spinors ǫA˙ and ǫB˙, we find that QRWN (related to Q
L
WN by letting m→ −m) becomes
QRWN [ξ
(−)] = QADT [ξ(−)] , (5.8)
where ξ(−) denote the Killing vectors ξA˙B˙ in (D.11). The Killing vector −2ℓ−1J0 = 12(ξ1˙1˙+
ξ2˙2˙) in (D.14) corresponds to the charge E +mJ .
5.2 Computation of the ADT Charges with HMT Boundary Conditions
Having established the relations (5.7) and (5.8) between the Witten-Nester charges and
the ADT charges, in this section we shall compute these charges for the HMT boundary
conditions, to ensure that they are actually finite.
The conserved charges we shall compute are within the SO(2, 2) subalgebra of two copies
of Virasoro algebra that have been shown to arise as the asymptotic symmetry algebra [14].
Thus, we compute (see Appendix A for notation)
QADT [ξ
(±)] =
1
8πG
∫
dφ
√−g¯
[(
1± m
µ
)
FτρE (ξ(±)) +
1
µ
f τρC (ξ
(±))
]
. (5.9)
For the first terms of the integrands, using the definition of FµνE given in (C.6), the boundary
conditions (4.5), which also cover the case (4.4) for |µℓ| > 1 by simply setting the f˜ field to
zero, and (4.8), we obtain
FτρE (ξ(+)) = −
√
2m3e−3ρ ξ(+)+f++ + · · · ,
FτρE (ξ(−)) =
√
2m3e−3ρ ξ(−)−
[
f−− + 12(1 + µℓ)e
(1−µℓ)ρf˜−−
]
+ · · · , (5.10)
where · · · are higher order terms which do not contribute to the charge. When substituted
into the charge, the e(1−µℓ)ρ term is divergent for ρ→∞.
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The second terms of the integrands, upon using (C.14), (4.10), and the boundary con-
ditions (4.5), yield the results
f τρC (ξ
(+)) = · · · ,
f τρC (ξ
(−)) =
1√
2
m4(1− µ2ℓ2)e−(2+µℓ)ρ ξ(−)−f˜−− + · · · , (5.11)
where, again, · · · are higher order terms which do not contribute to the charge. Substituting
(5.10) and (5.11) into (5.9) we obtain the ADT charges as
QADT [ξ
(+)] = − 1
16
√
2πG
∫
dφ
(
1 +
m
µ
)
e−ρξ(+)+f++ , for µℓ ≥ 1 , (5.12)
and
QADT [ξ
(−)] =


1
16
√
2πG
∫
dφ
(
1− m
µ
)
e−ρξ(−)−f−− , for µℓ > 1 ,
1
16
√
2πG
∫
dφ e−ρξ(−)−f˜−− , for µℓ = 1 .
(5.13)
In the computation of the second equation in (5.13), the divergent terms proportional to f˜
in FE and fC have canceled out. We see that while one may expect QADT [ξ(−)] to vanish
at the chiral point, in fact it does not, as can be seen from the implementation of the
prescription (4.7). Thus, it is remarkable that even at the chiral point µℓ = 1, both charges
associated with ξ(+) and ξ(−) are nonvanishing. This is in accordance with what has been
recently found in [14] by apparently different methods.
In the case of µℓ = 1 and the standard Brown-Henneaux boundary conditions (4.6) with
the f˜ terms set to zero, the ADT charges are given by
µℓ = 1 :


QADT [ξ
(+)] = − 1
8
√
2πG
∫
dφ e−ρξ(+)+f++ ,
QADT [ξ
(−)] = 0 .
(5.14)
Therefore, in order to prove a positive energy theorem for the theory at the chiral point
and obeying the standard Brown-Henneaux boundary conditions, it must be shown that for
any solution of the theory, the above expression for QADT [ξ
(+)] is positive. While we have
not proven such a theorem here, we have established the bound (3.23).
At present the only known exact solutions that satisfy the standard Brown-Henneaux
boundary conditions have vanishing Cotton tensor, and consequently they are conformal to
AdS. Normalizing the energy of AdS to be vanishing, all the remaining solutions have either
conical singularity for GM < 0 and therefore excluded from the physical spectrum, or they
23
have positive energy. What we do not know at present is whether there exist other solutions
which violate the bound (3.23). As such, a positive energy theorem based on (3.23) is not
ruled out.
While the ADT energy for the solutions with vanishing Cotton tensor mentioned above
can be directly computed from the ADT charge formula, and therefore the Witten-Nester
bulk integral is not needed, it is useful to compare the ADT result with the consequences of
the bound (3.23). We shall do this analysis in the next section for the general solution with
vanishing Cotton tensor as well as the pp-waves in AdS which satisfy the weaker version of
the Brown-Henneaux boundary conditions for completeness. As a result, we will see that
the need for the existence of a globally well defined solution of the generalized Witten spinor
equation (3.21).
5.3 The General Solution With Vanishing Cotton Tensor
The most general solution of CTMG with vanishing Cotton tensor is locally AdS metric
which can be written as [46]
ds2 = 2
(
(mr)2 +
1
4(mr)2
h(u)h¯(v)
)
dudv +
dr2
(mr)2
+ h(u)du2 + h¯(v)dv2 , (5.15)
where
u =
1√
2
(−t+ ℓφ) , v = 1√
2
(t+ ℓφ) , (5.16)
and h, h¯ are real and independent arbitrary functions. This solution can be obtained from
the “vacuum solution” defined by h = 0, h¯ = 0 by means of conformal transformations. For
example, starting from the vacuum solution, the following transformations
u→ f(u) , v → v − 1
4m4r2
f ′′
f ′
, r → r√
f ′
, (5.17)
where f ′ = ∂f/∂u yield the metric (5.15) with
h(u) = − 1
2m2
{f, u} , h¯(v) = 0 , (5.18)
with the Schwarzian derivative defined as
{f, u} =
(
f ′′
f ′
)′
− 1
2
(
f ′′
f ′
)2
. (5.19)
A more general coordinate transformation involving in particular v → g(v) + · · · which
generates the h¯(v) dependent terms in (5.15) as h¯(v) = − 12m2 {g, v}, is more complicated
but it will not be needed here.
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Although the general metric (5.15) is locally AdS, it represents physically distinct con-
figurations for distinct values of h and h¯ (see [46] for a review). In particular, choosing h
and h¯ to be constants as
h = 4G(M∞ +mJ∞) , h¯ = 4G(M∞ −mJ∞) , (5.20)
and redefining the radial coordinate as
r˜2 = r2 +
4G2ℓ2
r2
(
M2∞ℓ
2 − J2∞
)
+ 4GM∞ℓ2 , (5.21)
gives the BTZ black hole solution [3]
ds2 = − (m2r˜2 − 8GM∞) dt2 − 8GJ∞dtdφ+ r˜2dφ2 + dr˜2
m2r˜2 − 8GM∞ + 16G
2J2
∞
r˜2
, (5.22)
In the µ =∞ theory without the CS term the parameters M∞ and J∞ represent the mass
and the angular momentum of the black hole respectively. The radial coordinate r˜ covers
the exterior region of the horizon r˜ ≥ r+ when r varies from r = 12
√
r2+ − r2− to r = ∞.
Here, r+ and r− (r+ ≥ r−) are roots of m2r˜2−8GM∞+ 16G
2J2
∞
r˜2
= 0, and are related toM∞
and J∞ as r2+ + r2− = 8GM∞ℓ2, r+r− = 4GJ∞ℓ. As noted in [3], the “vacuum metric”,
which is defined as the J∞ = 0 =M∞ case, is not the AdS metric, and the latter arises for
J∞ = 0 and GM∞ = −1/8. Moreover, the solution has conical singularity for any other
negative value of GM∞.
For the general solution (5.15), the deviations from the AdS metric also obey the bound-
ary conditions (4.4) as can be seen from
h++ = (h¯+
1
2)
1
(mr)2
+O(r−4) ,
h−− = (h+ 12)
1
(mr)2
+O(r−4) ,
h+− = − 1
2(mr)2
+O(r−4) ,
h22 =
1
(mr)2
+O(r−4) , (5.23)
and the relation mr = sinh ρ = 12e
ρ + O(e−ρ). Thus, the ADT charges are obtained from
(5.12) and (5.13) as
QADT [ξ
(+)] = − 1
8
√
2πG
∫ 2π
0
dφ
(
1 +
m
µ
)
e−ρξ(+)+(2h¯+ 1) , for µℓ ≥ 1 , (5.24)
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and
QADT [ξ
(−)] =


1
8
√
2πG
∫ 2π
0
dφ
(
1− m
µ
)
e−ρξ(−)−(2h+ 1) , for µℓ > 1 ,
0 , for µℓ = 1 ,
(5.25)
where ξ(+) and ξ(−) are Killing vectors in (D.6) and (D.11) respectively. For the special
values (5.20) of (h, h¯) corresponding to the BTZ black hole, the ADT charges E ∓ mJ
corresponding to the Killing vectors −2ℓ−1K0 and −2ℓ−1J0 in (D.14) are thus
E −mJ =
(
1 +
m
µ
)(
M∞ +
1
8G
−mJ∞
)
, for µℓ ≥ 1 , (5.26)
and
E +mJ =


(
1− m
µ
)(
M∞ +
1
8G
+mJ∞
)
, for µℓ > 1 ,
0 , for µℓ = 1 .
(5.27)
These results suggest that the ADT charges can be positive or negative depending on
the choice for h(u) and h¯(v). On the other hand, we have the bounds (3.23) and (3.26),
where the vanishing of Xµν for the solutions (5.15) implies that QWN [ξ
(±)] ≥ 0, and in
view of (5.7) and (5.8) it means that QADT [ξ
(±)] must be positive. The resolution of
this apparent contradiction lies in the fact that the bounds (3.23) and (3.26) assume the
existence of globally well defined solutions of the generalized Witten equations, in this case
for µℓ > 1. It follows that such solutions must fail to exist for the choices of h and h¯ which
yield a negative value for QADT [ξ
(±)]. To see this we proceed as follows. We substitute into
γi∇˜Ri ǫ = 0 (see (3.21) and the discussion above (3.26))
ǫ = ǫR0 +∆ǫ , (5.28)
where ǫR0 is the Killing spinor of the “vacuum solution” (5.15) with h = h¯ = 0 that satisfies
(∇µ + 12mγµ)vacǫR0 = 0, and is given by
ǫR0 = (mr)
1
2 (η− −muγ−η+) + (mr)−
1
2 η+ (5.29)
in terms of arbitrary constant spinors η± satisfying γ2η± = ±η±. Next, we use the solution
(5.15) with h¯ = 0, and choose the following dreibein
ev
+ = mr , eu
+ =
h
2mr
, eu
− = mr , er2 =
1
mr
. (5.30)
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In this basis the only non-vanishing components of the spin connection are
ωv
+2 = m2r , ωu
+2 = r∂r
(
h
2r
)
, ωu
−2 = m2r . (5.31)
Next, we use the fact that the Cotton tensor vanishes for this solution, and in the equation
γi∇˜Ri ǫ = 0 we project to the γ2 = ±1 subspaces and substitute the expansions
∆ǫ− =
∞∑
n=1
(mr)−2n+
1
2 ǫn− , ∆ǫ+ =
∞∑
n=1
(mr)−2n−
1
2 ǫn+ . (5.32)
Thus we find recursion relations
ǫn+ =
1
2(2n − 1)mγ+∂uǫn− , (5.33)
ǫ1− = −1
4
h (η− −muγ−η+) , (5.34)
2(n + 1)ǫn+1− +
1
2m
γ−∂uǫn+ +
1
2
hǫn− = 0 , (5.35)
To make further progress, at this point we consider the case h = constant. In this case we
can solve the recursion relations and the using this result in (5.32), we find
ǫ− = (mr)
1
2 e
− h
4(mr)2 (η− −muγ−η+) . (5.36)
We now see that in the limit r → 0, ∆ǫ− is divergent for h < 0, while it is finite for h > 0.
This suggests that a globally defined Witten spinor does not exist for h < 0.
5.4 The Chiral pp-Waves
The chiral pp-wave solutions are exact solutions of CTMG which take the form [36, 15, 24]
ds2 = 2(mr)2dudv +
dr2
(mr)2
+ h(u, r) du2 , (5.37)
where, using the notation h(u, r) ≡ h, we have
µℓ 6= ±1 : h = (mr)1−µℓf1(u) + (mr)2f2(u) + f3(u) , (5.38)
µℓ = +1 : h = ln(mr) f1(u) + (mr)
2f2(u) + f3(u) , (5.39)
µℓ = −1 : h = (mr)2 ln(mr) f1(u) + (mr)2f2(u) + f3(u) , (5.40)
and f1, f2, f3 are arbitrary functions of u. While f2(u) and f3(u) can be removed by local
coordinate transformations, the global nature of the solution may depend on them. Of these
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solutions, the ones which satisfy the HMT boundary conditions are
|µℓ| > 1 , µ = −1 : h = f3(u) , (5.41)
0 < |µℓ| < 1 : h = (mr)1−µℓf1(u) + f3(u) , (5.42)
µℓ = +1 : h = ln(mr) f1(u) + f3(u) . (5.43)
The first case corresponds to the solution (5.15) with h¯ = 0 and h = f3 which we have
already dealt with in the previous section, and therefore in what follows we shall consider
the remaining cases only.
Applying the formula (5.12), (5.13) for the charges of these solutions we find 5
QADT [ξ
(+)] = − 1
8
√
2πG
∫
dφ
(
1 +
m
µ
)
e−ρξ(+)+ (5.44)
for all values of µ, which is independent of f3, f1 and positive, and
QADT [ξ
(−)] =


1
8
√
2πG
∫
dφ
(
1− m
µ
)
e−ρξ(−)− (2f3(u) + 1) , for 0 < |µℓ| < 1 ,
1
8
√
2πG
∫
dφ e−φξ(−)− 2f1(u) , for µℓ = 1 .
(5.45)
Thus for the chiral models, imposing the standard Brown-Henneaux boundary conditions,
namely (4.6) with the f˜ fields set to zero, gives vanishing ADT charge for ξ(−):
µℓ = 1 : QADT [ξ
(−)] = 0 . (5.46)
This result is consistent with the fact that the extreme BTZ black hole solution which is
obtained from (5.22) by setting M∞ = mJ∞ [39] has vanishing QADT [ξ(−)].
6 Comments
The bounds (3.23) and (3.26) we have established on the Witten-Nester energy highlight
the importance of the Cotton tensor. Therefore it is useful to examine the classification of
3D spacetimes based on the eigenvalue problem for the Cotton tensor, (Cab − λδab )V b = 0,
where λ ⊂ C. Such a classification is available [41, 42] (see also [43, 44, 45] ), and it shows
that the possible canonical forms of the Cotton tensor are as follows [45, 44] 6:
5These charges were computed for constant f ’s in [38], and for these cases our results agree except the
second equation in (5.45).
6The labeling in the first column is motivated by the Petrov classification of 4D spacetimes.
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Petrov Type Canonical Form
N Cab = λkakb
D Cab = α(ηab − 3mamb)
D′ Cab = α(ηab + 3tatb)
III Cab = 2τk(amb)
II Cab = α(ηab − 3mamb) + λkakb
I Cab = α(ηab − 3mamb)− β (kakb + nanb)
I ′ Cab = α(ηab − 3mamb)− β (kakb − nanb)
(6.1)
where α, β ⊂ R and β 6= 0, and it is possible to choose λ = ±1 and τ = ±1. Furthermore,
ka and na are null vectors and ma is a spacelike vector, with the only nonvanishing inner
products kana = −1, and mama = 1. We also have the timelike vector ta = (ka + na)/
√
2
and spacelike vector za = (ka − na)/√2.
Assuming that the Witten-Nester energy does not depend on the choice of initial space-
like surface, we can choose this surface such that ua = ta. Then we find
Petrov Type −Xabtavb
N 0
D 2α2tava
D′ −α2tava
III 1√
2
τ2kava
II 2α2tava +
√
2λαkava
I 2α(α − β)tava
I ′ 2α2tava − 2αβ zava
(6.2)
The vector vµ is bilinear in spinors that obey the generalized Witten equation and asymptote
the suitable Killing spinors. From these results, we see that there is no evidence for the
positivity of Witten-Nester energy, with the exception of Type N spacetimes, and Type I
spacetimes with α = β. In the latter case, Xab does not vanish but Xabt
b = 0.
Given a Petrov-type, determining the corresponding space of solutions, and among the
class those which obey the standard Brown-Henneaux boundary conditions is a notoriously
difficult and so far unsolved problem. It is clear that all the solution of ordinary AdS
gravity with the CS term absent are also the solutions of CTMG in which the Cotton
tensor vanishes. All of these solutions are conformal to AdS, and they are well understood
(see [46] for a review). Outside this class, the only exact solutions of CTMG that have
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appeared in the literature until the present time are remarkably few and they are7 [47]:
• The general pp-wave solutions [36, 15, 24] are Type N and they follow from the
requirement of one null Killing vector [24]8.
• The timelike and spacelike squashed (µℓ < 3) or stretched (µℓ > 3) solutions admit-
ting SL(2, R) × U(1) Killing vectors are of Type D [49, 50]. These solutions have
a squashing parameter related to µ, and the discrete quotients are “warped” AdS3
black holes [51] which asymptote to squashed (stretched) AdS3.
Of these, only the Type N solutions obey the standard Brown-Henneaux boundary
conditions, and a direct calculation that does not rely on the Witten-Nester identity shows
that their energy is positive. As mentioned in the introduction, however, the bound (1.5) is
nontrivial since we do not know if all solutions of Type N are necessarily chiral pp-waves.
Of the known Type D solutions, the conserved charges for the warped AdS black holes
have been computed in [27], where the generalized version of the ADT formula is derived
and used. The mass turns out to be positive for |µℓ| > 3 for the solution considered in
[27] which is related to that of [49, 50] by the double Wick rotation t → it, φ → iφ. In
comparing this result with the bound on the energy we have derived here, we note that
while in showing the equivalence of the Witten-Nester charge with the ADT charge we
assumed the asymptotically AdS HMT boundary conditions, passing over to bulk integral
by means of Stokes’ theorem does not depend on this assumption. It rather depends on the
existence of a globally well defined solution of the generalized Witten equation. Thus the
bounds (3.23) and (3.26) are valid for any solution of the TMG equations of motion, not
necessarily asymptoting to AdS, provided that the global Witten spinors exist. However,
the relation between the Witten-Nester charges and ADT charges in presence of squashed
AdS boundary conditions needs to be established in this case, before a rigorous comparison
with the direct calculation of the mass described above.
The Witten-Nester identity we have found relies on a supercurrent associated with lo-
cal supersymmetry of topologically massive supergravity in first order formulation. Since
Noether currents associated with local symmetries are defined up to divergence of an anti-
symmetric tensor, one may consider an alternative definition of energy which may lead to
7A number of solutions that have appeared in the literature have been shown in [47] to be either a pp-wave
or squashed (stretched) AdS in disguise.
8The black hole solution of [48], which obeys the weak version of the Brown-Henneaux boundary condition,
is a coordinate transformation of the pp-wave at the chiral point [36, 15, 24] with a compactified spatial
coordinate [48, 47].
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a positive energy theorem. Note, however, that the charge definition we have used here,
which is due to [29] and generalizes the Hamiltonian approach of [30] by employing su-
perpotentials, passes important tests. In particular, it produces the appropriate conserved
quantities of the BTZ black hole that take into account the dependence on the CS coupling
constant [26, 38]. The charges constructed in this way must also produce the appropri-
ate charge algebra. As explained in [29], the first order formulation, which we have used
here as well, and the antisymmetry of the superpotential, such as the one we have given
in (3.6) for CTMG, play crucial role in achieving these properties. Indeed, we have found
that the Witten-Nester charge defined from the supertransformation of the supercurrent
coincide with the ADT charges H ±P (for null Killing vectors), which verifies the anticom-
mutation relation of supercharges {Q,Q} = H ± P . Furthermore, the procedure of [29] for
constructing the conserved charges has been tested successfully in many models.
The Witten-Nester identity relies also on the existence of regular solutions to a gen-
eralized version of the Witten equation on the spatial slice. In Section 4 we showed that
one can always solve the equation order by order in a radial expansion with appropriate
boundary conditions. However, this does not constitute a proof of the existence of a globally
well defined solution. Indeed, we showed in Section 5.3 that a global solution fails to exist
for particular pp-waves, albeit in the case of µℓ > 1. Similar phenomenon has also been
noticed in [37] in their study of the ordinary Witten spinor equation in pure AdS gravities
in diverse dimensions. The role of spin structures and whether they can be extended to the
bulk is another global issue which requires careful study [37].
Our focus has been primarily on µℓ = 1 theory with standard Brown-Henneaux bound-
ary conditions. If we allow the weak version of these boundary conditions given in (4.6),
the positivity condition for QADT [ξ
(+)] remains the same as in (5.14) but QADT [ξ
(−)] no
longer vanishes, and is given by
µℓ = 1 : QADT [ξ
(−)] =
1
16
√
2πG
∫
dφ e−ρ ξ(−)−f˜−− . (6.3)
Surprisingly, there is no Witten-Nester identity available for this charge, and consequently
whether it is positive or not depends on the outcome of a direct evaluation of the above
integral, as discussed in Section 3.3. For the exact pp-wave solution (5.43), the result for
QADT [ξ
(−)] is given by (6.3) with f˜−− = 4f1(u), which suggests that one can always choose
f1 such that this charge is negative. This is consistent with the fact that there exist negative
energy linearized solutions which satisfy the weak Brown-Henneaux boundary conditions
[12]. Therefore, these boundary conditions must be ruled out in the chiral theory.
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In the case of µℓ > 1, the ADT charges are given in (5.12) and (5.13) (with standard
Brown-Henneaux boundary conditions (4.4)) and we have the bounds
µℓ > 1 : QADT [ξ
(±)] ≥ − 1
8πGµ3(µ ±m)
∫
Σ
daXµν u
µv(±)ν , (6.4)
where Xµν is defined in (3.24), and v
(±)ν are bilinear in Witten spinors which approach the
left or right Killing spinors asymptotically. As we saw earlier there is no reason for these
expressions to be positive or vanishing with the exception of Type N spacetimes, and Type
I spacetimes with α = β (see Tables above). In particular the pp-waves are of Type N , and
in this case the ADT charges can be directly computed, giving the results
QADT [ξ
(+)] = − 1
8
√
2πG
∫
dφ
(
1 +
m
µ
)
e−ρξ(+)+ > 0 , (6.5)
QADT [ξ
(−)] =
1
8
√
2πG
∫
dφ
(
1− m
µ
)
e−ρ ξ(−)− (2f3(u) + 1) ≥ 0 , (6.6)
where f3(u) is the function occurring in the pp-wave solution (5.41), and the bound (6.6),
which follows from (6.4), holds provided that a globally well defined solution of the general-
ized Witten spinor equation exists for this solution. This bound seems puzzling at first sight
because one may consider a function f3 for which the ADT energy is negative. However,
for any such choice of f3 a regular Witten spinor must fail to exist. Indeed, as we saw in
Section 5.3, the exact solution of the generalized Witten equation is not regular for constant
f3 that gives negative ADT energy. Of course, we do not know if the Type N solutions are
the only ones that are asymptotically AdS. Nonetheless, the bound (6.6) suggests that the
energy may be positive for all Type N spacetimes, in a manner similar to the case of µℓ = 1.
On the other hand, it is known that (see, for example, [4]) there exists a linearized solution
of CTMG which has negative energy helicity 2 excitation for µℓ > 1. We do not know if
this result survives necessarily at the nonperturbative level. If we assume that it does, then
we must investigate whether the requirement that the generalized Witten equation admits
a globally well defined solution is too restrictive in determining the full space of solutions
with standard Brown-Henneaux boundary conditions.
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A Notations and Conventions
In our conventions ηab = diag(−1,+1,+1). The world indices µ and the tangent space
indices a are split as
µ = (τ, φ, ρ) ,
a = (0, 1, 2) = (+,−, 2) = (0, i) , i = 1, 2 . (A.1)
The ± labels are reserved to flat indices only throughout the paper. We define the light-cone
indices in the local Lorentz frame as
v± =
1√
2
(±v0 + v1) , v± = 1√
2
(±v0 + v1) = v∓ , (A.2)
and the coordinates as
u =
1√
2
ℓ (−τ + φ) , v = 1√
2
ℓ (τ + φ) . (A.3)
The Clifford algebra is
{γa, γb} = 2ηab , (A.4)
and we use the representation
γ0 = iσ2 , γ1 = σ1 , γ2 = σ3 . (A.5)
Furthermore, we use the conventions
γabc = ǫabc , εµνρ = eǫµνρ , ε
µνρ = e−1ǫµνρ , (A.6)
where e = det eaµ and the ǫ-tensors are constant. The chiral projected γ-matrices γ
± and
γ± are defined as in (A.2). The Dirac conjugate of a spinor ψ is defined as
ψ¯ = ψ†γ0 . (A.7)
B The Noether Current and Superpotential
Following [29], we summarize the main points of how to construct a Noether current asso-
ciated with local symmetries. In Section 3 we apply this procedure to CTMG.
Consider the Lagrangian L(φ, ∂φ) that possesses a local symmetry with gauge parame-
ters ξa(x), and therefore satisfying δL = ∂µSµξ . Noether’s second theorem then implies the
existence of the on-shell conserved current Jµξ such that
∂µJ
µ
ξ = δξφ
δL
δφ
= 0 , (B.1)
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where δL
δφ
= 0 is the Euler-Lagrange equation of φ, and
Jµξ := S
µ
ξ − δξφ
∂L
∂∂µφ
. (B.2)
Let us parametrize the variation of the field as follows
δφ = ξa∆a(φ) + ∂νξ
a∆νa(φ) . (B.3)
It is clear that the surface term Sµξ is not uniquely defined since any transformation S
µ
ξ →
Sµξ +∂νS
µν
ξ such that S
µν
ξ = −Sνµξ does not modify ∂µSµξ . Let us make the a priori arbitrary
choice such that [29]
Sµξ = ξ
aΣµa(φ) + ∂νξ
aΣµνa (φ) . (B.4)
Using the abelian restriction ξa(x) := ǫ(x)ξa0 (x) where ǫ(x) is an arbitrary function and
ξa0 (x) is fixed but spacetime dependent, after some manipulations one finds from (B.1) that
[29]
Jµξ = ∂νU
µν
ξ + ξ
a∆µa
δL
δφ
, (B.5)
where Uµν
ξ0
:= ξa0U
µν
a = −Uνµξ0 is called the superpotential, with
Uµνa := Σ
µν
a −∆νa
∂L
∂∂µφ
, (B.6)
and the subscript 0 has been dropped everywhere. The conserved charge is given by the
integral of the superpotential at spatial infinity as
Q(ξ) =
∫
∂Σ
Uµνξ dΣµν . (B.7)
A key question is how to choose Σµνa such that this charge generates the appropriate trans-
formations through the Poisson bracket, as has been emphasized in [31]. Here we shall
follow the proposal of [29], according to which Uµνξ is chosen such that the variation of the
Noether current is localizable in the sense that
δJµξ = δφ
δW µξ
δφ
, (B.8)
where
W µξ := ξ
a∆µa
δL
δφ
. (B.9)
Note, in particular, that no ∂µδφ terms are present as a requirement of this prescription.
This proposal is motivated by the Hamiltonian approach of Regge and Teitelboim [30].
Furthermore this definition is independent of the choice of surface terms added to the La-
grangian since it depends only on the field equations through W µξ as in (B.9), and it has
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been shown to produce the appropriate conserved charges in many examples [29] includ-
ing supergravity [31]. We shall use this prescription for the construction of the Noether
supercurrent and superpotential, and show that the associated conserved charges have the
desired property for the CTMG.
C The Abbott-Deser-Tekin Charges for TMG in Arbitrary
Background
The Abbott-Deser procedure [25] for defining the conserved quantities in asymptotically
AdS spacetimes was generalized to higher derivative theories, and in particular to TMG by
Deser and Tekin [26]. This was further generalized by Bouchareb and Cle´ment [27] to TMG
with arbitrary backgrounds. We shall follow [27] to summarize these results here.
Given a solution g¯µν of the field equation (2.6) Eµν ≡ Gµν + µ−1Cµν = 0, we can write
gµν = g¯µν + hµν , (C.1)
where hµν represents the deviation (not necessarily small) from the background solution.
Then, it follows from the Bianchi identity ∇νEµν = 0 that linearized tensor δEµν is conserved
as follows
∇¯νδEµν = 0 . (C.2)
If the background admits a Killing vector ξµ, then the current δEµνξν is covariantly con-
served. It follows that there exists an antisymmetric tensor field Fµν such that
δEµνξν = ∇¯νFµν , (C.3)
and the conserved charge is defined as
Q(ξ) =
1
8πG
∫
Σ
δEµνξν dΣµ = 1
8πG
∫
∂Σ
FµνdΣµν . (C.4)
For the TMG model we are studying, it is found in [27] that
ξνδGµν = ∇¯νFµνE (ξ)− ξν G¯µλhλν +
1
2
ξµG¯λρhλρ − 1
2
ξν G¯µνh , (C.5)
where h ≡ g¯µνhµν and
FµνE (ξ) =
1
2
(
ξν∇¯λhλµ − ξµ∇¯λhλν + ξλ∇¯µhλν − ξλ∇¯νhλµ + ξµ∇¯νh− ξν∇¯µh
+hνλ∇¯λξµ − hµλ∇¯λξν + h∇¯µξν
)
. (C.6)
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From the Cotton tensor, it is found that [27]
ξνδC
µν = ∇¯λFµλC (ξ)− ξνC¯µλhλν +
1
2
ξµC¯λρhλρ − 1
2
ξνC¯µνh , (C.7)
and
FµνC (ξ) = FµνE (Ξ) + ε¯µνρξλ
(
δGλρ − 1
2
δλρ δG
)
+
1
2
ε¯µνρ
[
ξρG¯
σ
λh
λ
σ +
1
2
(
ξσG¯
σ
ρ +
1
2
ξρR¯
)
h
]
, (C.8)
where δGµν = δGµν denotes the linear in h deviation of Gµν from its background value G¯µν ,
and
Ξµ ≡ 1
2
ε¯µνρ∇¯νξρ . (C.9)
Summing up the contributions (C.5) and (C.7), the G¯h and C¯h terms sum up to give the
field equation Eµν = 0 thereby vanishing, giving the Bouchareb and Cle´ment result [27]
QBC [ξ] =
1
8πG
∫
∂Σ
(
FµνE (ξ) +
1
µ
FµνC (ξ)
)
dΣµν , (C.10)
with FµνE (ξ) and FµνC (ξ) given in (C.6) and (C.8), respectively 9. In general Ξµ is not a
Killing vector. However, in the case of AdS3 background they are Killing vectors, and in
fact Ξµ = mξµ when ξµ can be written in terms of Killing spinors as in (D.6). Furthermore,
the last three terms in (C.8) sum up to zero in AdS3 background, and thus for a Killing
vector satisfying Ξµ = mξµ we obtain the simplified result obtained first by Deser and Tekin
[26]
QADT [ξ] =
1
8πG
∫
∂Σ
(
FµνE (ξ) +
1
µ
FµνE (Ξ) +
1
µ
fµνC (ξ)
)
dΣµν (C.11)
=
1
8πG
∫
∂Σ
[(
1 +
m
µ
)
FµνE (ξ) +
1
µ
fµνC (ξ)
]
dΣµν , (C.12)
where
fµνC (ξ) = ε¯
µνρ
(
δGρσ − 1
2
g¯ρσδG
)
ξσ , (C.13)
= ε¯µνρδGρσξσ , (C.14)
and in obtaining the second line we have used the consequence of the field equation (2.6)
giving G ≡ Gµµ = 0, and therefore the second term in (C.13) vanishes. Note also that
9In comparing this result with that of [26], observe that the last three terms in (C.8) vanish for AdS3
background, and that ε¯µνρ
`
δGρσ −
1
2
g¯ρσδG
´
ξσ = 1
2
“
ε¯µνρδGσρξσ+ ε¯
σνρδGµρξσ+ ε¯
µσρδGνρξσ
”
, as can readily
be seen from the identity ε¯[σνρδGµ]ρ = 0.
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δGλν = g¯λµ δGµν , where we have restored the bar notation for background metric for clarity,
for backgrounds with G¯µν = 0.
For a Killing vector ξ˜µ satisfying Ξ˜µ = −mξ˜µ (which is the case when (D.11) holds),
the ADT charge becomes
QADT [ξ˜] =
1
8πG
∫
∂Σ
[(
1− m
µ
)
FµνE (ξ˜) +
1
µ
fµνC (ξ˜)
]
dΣµν . (C.15)
Finally, we justify the overall normalization of the energy in (C.11) as follows. Let us
consider a coupling to a scalar field
L = 1
16πG
√−g(R + 2m2) + 1
16πGµ
LCS − 1
2
√−ggµν∂µφ∂νφ . (C.16)
Here we have taken the coefficient of the Einstein term to be the canonical one as in (1.1).
The field equation for the gravitational field is
1
8πG
(
Gµν + 1
µ
Cµν
)
= T (matter)µν , (C.17)
where
T (matter)µν = ∂µφ∂νφ−
1
2
gµν(∂φ)
2 (C.18)
is the standard energy-momentum tensor of the scalar field. Splitting the left-hand side
into a part linear in hµν and a higher order part following [26] we obtain
1
8πG
(
δGµν + 1
µ
δCµν
)
= T (matter)µν + T
(gravity)
µν ≡ Tµν . (C.19)
Energy is defined such that the matter part becomes the standard scalar energy and is given
by
E =
∫
Σ
T µν ξ
νdΣµ
=
1
8πG
∫
Σ
(
δGµν + 1
µ
δCµν
)
ξνdΣµ
=
1
8πG
∫
∂Σ
[
FµνE (ξ) +
1
µ
FµνE (Ξ) +
1
µ
fµνC (ξ)
]
dΣµν , (C.20)
in agreement with (C.11).
D AdS3 Background, Killing Spinors and Killing Vectors
The metric of the background AdS spacetime is
ds¯2 = dxµdxν g¯µν = ℓ
2
[− cosh2 ρ dτ2 + sinh2 ρ dφ2 + dρ2] . (D.1)
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We use the world indices µ = τ, φ, ρ and the local Lorentz indices a = 0, 1, 2. The dreibein
is chosen as e¯τ
0 = ℓ cosh ρ, e¯φ
1 = ℓ sinh ρ and e¯ρ
2 = ℓ. The non-vanishing components of
the spin connection are ω¯τ
02 = sinh ρ, ω¯φ
12 = cosh ρ. The background value of
∇ˆLµ = ∂µ +
1
4
ωµ
abγab − 1
2
mγµ (D.2)
is given by
¯ˆ∇Lτ = ∂τ −
1
4
eργ0(1− γ2)− 1
4
e−ργ0(1 + γ2) ,
¯ˆ∇Lφ = ∂φ −
1
4
eργ0(1− γ2)− 1
4
e−ργ0(1 + γ2) ,
¯ˆ∇Lρ = ∂ρ −
1
2
γ2 . (D.3)
For some purposes it is more convenient to express the AdS metric as
ds¯2 = − (1 +m2r2) dt2 + r2dφ2 + dr2
1 +m2r2
, (D.4)
which is related to (D.1) by a change of coordinates t = ℓτ , r = ℓ sinh ρ with m = ℓ−1.
There are two independent Killing spinors satisfying
¯ˆ∇LµǫK = 0 in the AdS background
[24]
ǫ1K =
[
e
1
2
ρ cos 12(τ + φ) + γ0e
− 1
2
ρ sin 12 (τ + φ)
]
η1+ ,
ǫ2K =
[
e
1
2
ρ sin 12(τ + φ)− γ0e−
1
2
ρ cos 12 (τ + φ)
]
η2+ , (D.5)
where ηA+ (A = 1, 2) are arbitrary constant Majorana spinors satisfying γ2η
A
+ = η
A
+. We can
construct three Killing vectors from these (commuting) Killing spinors as
ξAB µ = ǫ¯AK γ¯
µǫBK = ξ
BAµ (A,B = 1, 2) . (D.6)
The explicit forms of ξAB = ξABµ∂µ are
ξ11 = −2ℓ−1 (K0 +K1) ,
ξ22 = −2ℓ−1 (K0 −K1) ,
ξ12 = −2ℓ−1K2 , (D.7)
where the normalization of ηA+ has been chosen as η¯
A
+γ
0ηB+ = −1, and Kµa are given by
K0 =
1
2
(
∂
∂τ
+
∂
∂φ
)
,
K1 =
1
2 cos(τ + φ)
(
tanh ρ
∂
∂τ
+ coth ρ
∂
∂φ
)
+ 12 sin(τ + φ)
∂
∂ρ
,
K2 =
1
2 sin(τ + φ)
(
tanh ρ
∂
∂τ
+ coth ρ
∂
∂φ
)
− 12 cos(τ + φ)
∂
∂ρ
. (D.8)
38
Since the vectors Ka satisfy
KµaKbµ =
1
4
ℓ2 ηab , (D.9)
K0 ± K1 are null. Furthermore, Ka = Kµa ∂µ obey the algebra [Ka,Kb] = −ǫabcKc. The
three Killing vectors ξAB µ are generators of SO(1, 2)L in SO(2, 2) = SO(1, 2)L×SO(1, 2)R.
Other three Killing vectors, which are generators of SO(1, 2)R, are constructed from
Killing spinors satisfying
¯ˆ∇Rµ ǫK = 0, where ¯ˆ∇Rµ = ∇¯µ + 12mγ¯µ. These solutions are
ǫ1˙K =
[
e
1
2
ρ cos 12(τ − φ)− γ0e−
1
2
ρ sin 12 (τ − φ)
]
η1˙− ,
ǫ2˙K =
[
e
1
2
ρ sin 12(τ − φ) + γ0e−
1
2
ρ cos 12 (τ − φ)
]
η2˙− , (D.10)
where ηA˙− (A˙ = 1˙, 2˙) are arbitrary constant Majorana spinors satisfying γ2η
A˙
− = −ηA˙−, and
the three Killing vectors can be written as
ξA˙B˙ µ = ǫ¯A˙K γ¯
µǫB˙K = ξ
B˙A˙ µ (A˙, B˙ = 1˙, 2˙) . (D.11)
The explicit forms of ξA˙B˙ = ξA˙B˙µ∂µ are
ξ1˙1˙ = −2ℓ−1 (J0 + J1) ,
ξ2˙2˙ = −2ℓ−1 (J0 − J1) ,
ξ1˙2˙ = 2ℓ−1J2 , (D.12)
where Jµa are given by
J0 =
1
2
(
∂
∂τ
− ∂
∂φ
)
,
J1 =
1
2 cos(τ − φ)
(
tanh ρ
∂
∂τ
− coth ρ ∂
∂φ
)
+ 12 sin(τ − φ)
∂
∂ρ
,
J2 = −12 sin(τ − φ)
(
tanh ρ
∂
∂τ
− coth ρ ∂
∂φ
)
+ 12 cos(τ − φ)
∂
∂ρ
, (D.13)
and Ja = J
µ
a ∂µ obey the algebra [Ja, Jb] = ǫab
cJc.
Finally, we use the abbreviated notation ξ(+) and ξ(−) for ξAB and ξA˙B˙, respectively,
with components given by ξ(±) = ξ(±)+∂+ + ξ(±)−∂− + ξ(±)2∂2. Note in particular that
−2ℓ−1K0 = 12 (ξ11 + ξ22) and −2ℓ−1J0 = 12(ξ1˙1˙ + ξ2˙2˙), associated with (E − mJ) and
(E +mJ), respectively, are given by
−2ℓ−1K0 = − 1√
2
(
eρ∂+ − e−ρ∂−
)
,
−2ℓ−1J0 = 1√
2
(
eρ∂− − e−ρ∂+
)
. (D.14)
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